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Abstract
Given Ruelle operator Sg induced by a summable variation potential function g on a symbolic
space, Fan and Pollicott (Math. Proc. Cambridge Philos. Soc. 129 (2000) 99–115) gave an estimate
of the convergence speed of iterations {Sngf }∞n=1. Later on, Fan and Jiang (Comm. Math. Phys.
223 (2001) 143–159) extended it to locally expansive Dini dynamical system. It is known that
the systems they considered have the bounded distortion property (BDP), and the BDP is a key
condition in the papers. We extend their results to weakly contractive Dini iterated function systems
(X, {wj }mj=1, {pj }mj=1) which may not have the BDP and allows to have overlapping.
 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
In [25] Ruelle introduced a convergence theorem to study the equilibrium state (Gibbs
measure) of the infinite one-dimensional lattice gas. In [2] Bowen set up the theorem as the
convergence of the iterations of a certain operator on the space of continuous functions on
a symbolic space. More precisely, we let Σ = {1, . . . ,m}N, let θ be the left shift on Σ and
let q be a positive Hölder continuous function on Σ (the potential function). The Ruelle
operator is defined as
Sqf (x)=
∑
y∈θ−1(x)
q(y)f (y), f ∈C(Σ). (1.1)
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ability eigenmeasure µ ∈ C∗(Σ) corresponding to the spectral radius , and hµ is the
Gibbs measure (see, e.g., [2]). Moreover, −nSnq (f ) converges uniformly to a constant
multiple of h with exponential rate for any Hölder continuous function f . This theorem
together with the theory of Markov partitions were used by Bowen [2] to study the
ergodic property of the Axiom A diffeomorphisms. Nowadays, the theorem is a standard
tool in dynamical systems, thermodynamic formalism and multifractal formalism. Ruelle
operators and their relevant properties play an important role in dynamical systems, fractal
geometry, wavelets, iterated function systems, and statistical mechanics, etc. There is a
large number of literature on Ruelle operators and their relevant estimates. Walters [26]
used the g-measure [19] to study the operator; Fan [8] used the averaging operator to
give a short proof of Ruelle’s theorem; Baladi [1] presented a detail study of Ruelle
operators from dynamical system point of view. The Ruelle operators were used to study
contractive self-conformal sets (see [10,23,27]). The spectral properties of Ruelle operators
become more and more important in wavelets: Cohen and Daubechies [6] used the result of
Hennion [14] to estimate the regularity of refinable functions; Jorgensen [17] established an
one-to-one correspondence between wavelet representation and positive L1-eigenfunction
of the Ruelle operator; Fan and Lau [11] applied Ruelle operator to study the regularity of
wavelets and Bernoulli convolutions; and the dual of Ruelle operator (or transfer operator)
regarded as continuous refinement operator acts also as an important tool in regularity
estimates (see, e.g., [7,18]). For the detail application in wavelets, we refer the readers
to the books of Jorgensen et al. [4,17]. It is well known that the convergence properties
of the operators are closed related to their spectral properties (see, e.g., [5]), and the
convergence properties can be applied to estimate the decay of correlations [20,29,30].
Hence the estimates of convergence speeds appear necessary and important.
For a summable variation potential function q on a subshift of finite type (Σm, θ), Fan
and Pollicott [12] used the averaging operators to give an estimate of the convergence speed
of the sequence {Snqf }∞n=1. Later on, Fan and Jiang [9] extended it to locally expansive Dini
dynamical system.
The set up in the symbolic space can easily be extended to more general iterated
function system. For an iterated function system (X, {wj }mj=1) with invariant set K , i.e.,
K =⋃mj=1 wj(K). We associate each wj with a positive function pj as weight function
(or potential function), and define the Ruelle operator on C(K) as
T (f )(x)=
m∑
j=1
pj (x)f
(
wj(x)
)
, f ∈ C(K). (1.2)
Let T ∗ be the dual operator of T , and let M(K) be the set of all regular probability Borel
measures on K . If each potential function pj is positive Lipschitz continuous, and the
system satisfies the average contractive condition
sup
x =y
x,y∈K
(
m∑
j=1
pj (x)
|wj(x)−wj(y)|
|x − y|
)
< . (1.3)
By using famous Ionescu–Marinescu inequality [16], Hennion [14] showed that T is a
quasicompact operator on the Lipschitz continuous space, and the convergence speed of
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replaced pj and f in Hennion’s theorem by Hölder continuous functions, and showed that
the convergence speed of {−nT nf }∞n=1 is exponential, too.
In [22] we considered the set up that the (X, {wj }mj=1, {pj }mj=1) is weakly contractive
Dini IFS, i.e., αwj (t) := sup|x−y|t |wj(x)−wj(y)|< t for all t > 0, and each pj is Dini
continuous (weaker than Hölder continuity). The invariant set K exists like the contractive
case (Hata [13]), and we can set up the Ruelle operator as in (1.2) on C(K). Among the
other results we showed that if the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1)
satisfies the condition ‖∑mj=1 pj (·)rj‖ < , then it has the PF property (PF stands for
Perron–Frobenius), i.e., there exists a unique 0 < h ∈ C(K) and a unique probability
measure µ ∈M(K) such that
T h= h, T ∗µ= µ, 〈µ,h〉 = 1,
and for every f ∈C(K), −nT nf converges to 〈µ,f 〉h in the supremum norm.
Recently there is a lot of attention on the nonhyperbolic systems [22,24,29,30]. More-
over, special attention has been directed to the convergence speeds of the iterations of
the Ruelle operators (see, e.g., [2,9,12,14]). We note that the systems they studied are quite
restrictive: some of them are special parabolic dynamical systems [20,21,29], some of them
are assumed to have the Hölder continuous potential functions (see [2,14,15]) or the BDP
(BDP stands for bounded distortion property) (see [9,12]).
In this paper, we consider convergence speed of the iterations of the Ruelle operator
defined on the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1). To overcome the
overlapping of the IFS, we normalize the IFS, and establish a “semi-conjugacy” of the
normalized IFS and some symbolic system (Σm, θ, g), then define an associated Ruelle
operator Sg as in [10]. By taking advantage of the nonoverlapping property of the
(Σm, θ, g), we can set up a “Gibbs-like” property of the probability invariant measure
of Sg (see Lemma 2.4.) Then as in [12] we define the averaging operator Pn and give an
estimate of the convergence speed of the Ruelle operator. It is known that  may not be
an isolated point of the spectrum [3], hence the convergence speed of {−nT nf }∞n=1 is not
exponential in general. In Section 4 we will show the following basic results.
Theorem 1.1. Suppose that the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1) satis-
fies ∑mj=1 pj (x)= 1 and
sup
x =y
m∑
j=1
pj (x)
|wj(x)−wj(y)|
|x − y| < 1.
Let µ be the invariant measure of T . Then there exist constants A > 0, 0 < γ0 < 1 and
integer #0 such that for any n= k#, # #0, and f ∈C(K) with
∫
f dµ= 0,
‖T nf ‖ αf
(
ω(#)
)+A‖f ‖(γ k0 + γ #0 +Φ0(ω(#))),
where ω(#)= max|J |=# |wJ (K)| and Φ0(t)=
∫ t
0 x
−1 maxj αlogpj (x) dx .
Theorem 1.2. Suppose that the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1)
satisfies the condition ∑mj=1 pj (x)rj <  (where rj = supx =y |wj(x)−wj(y)|/|x − y|).
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hdµ= 1. Then there exist constants A> 0, 0 < γ0 < 1, and integer #0 such that for any
n= k#, # #0, and f ∈ C(K) with
∫
f dµ= 0, we have
‖−nT nf ‖A
(
αf
(
ω(#)
)+ ‖f ‖(γ k0 + γ #0 +Φ0(ω(#)))).
We remark that the key condition to the proof of [9] and [12] is that the systems have
the BDP which is guaranteed by the potential function q being of summable variation or
the system (X, τ) being locally expansive Dini dynamical system. For a general weakly
contractive IFS, the induced symbolic system may not have the BDP (see Example 4.4),
it creates more difficulty (see the remark after Lemma 3.4). We discuss this in Lemma 4.1
which is one of the fundamental lemmas. Our method is to transfer the IFS problem into
the symbolic system problem, and take advantage of the averaging operators to arrive our
aim. We will see from a forthcoming paper [28] that the above theorems can be applied to
estimate the decay of correlations.
We organize the paper as follows. In Section 2 we will present some elementary facts
about the Ruelle operator. In Section 3 we study the averaging operator. In Section 4 we
study the weakly contractive Dini IFS in the absence of the BDP assumption, and give an
estimate of convergence speed of the iterations of the Ruelle operator.
2. Preliminaries
Let X be a compact subset of Rd , in the following we use |x − y| to denote d(x, y),
and |D| to denote the diameter of subset D of X. Given subsets E,F ⊆ Rd and mapping
w :E→ F , we call αw(t) := sup|x−y|t |w(x)−w(y)| the modulus of continuity of w. We
call the self-map w :X→X a weakly contractive if αw(t) < t for any t > 0. For a positive
integer m, we say the (X, {wj }mj=1) is a weakly contractive IFS (IFS stands for iterated
function system) if each wj is weakly contractive. We say p ∈C(X) is Dini continuous if
1∫
0
αp(t)
t
dt <∞.
We call the triple (X, {wj }mj=1, {pj }mj=1) a weakly contractive Dini IFS if (X, {wj }mj=1) is
weakly contractive IFS and the potential functions pj ’s are Dini continuous.
We remark that if p is Dini continuous, then for any 0 < γ < 1 there exist c1, c2 > 0
such that
c1
∞∑
n=0
αp(γ
nt)
t∫
0
αp(x)
x
dx  c2
∞∑
n=0
αp(γ
nt). (2.1)
Proposition 2.1 [13]. Let {wj }mj=1 be a weakly contractive IFS on the compact subset X.
Then there exists a unique nonempty compact set K ⊆X such that K =⋃mj=1wj (K).
Y.-L. Ye / J. Math. Anal. Appl. 279 (2003) 151–167 155Throughout the paper we will consider weakly contractive IFS, hence the set K is
uniquely defined. Furthermore, we can assume, without loss of generality, that |K| =
sup{|x − y|: x, y ∈ K} = 1. For any multi-index J , let KJ = wJ (K), denote ω(n) =
max|J |=n |KJ |, and let ω(0)= |K| = 1 for convenience. Then limn ω(n)= 0. For a weakly
contractive Dini system (X, {wj }mj=1, {pj }mj=1), we define an operator T :C(K)→ C(K)
as in (1.2). T is called the Ruelle operator of the system. For J = (j1j2 . . . jn), 1 ji m,
we let wJ (x)=wj1 ◦wj2 ◦ · · · ◦wjn(x),
pwJ (x)= pj1(wj2 ◦wj3 ◦ · · · ◦wjnx) . . .pjn−1(wjnx)pjn(x),
then
T nf (x)=
∑
|J |=n
pwJ (x)f (wJ x).
Let  = (T ) be the spectral radius of T . Since T is a positive operator, we have
‖T n1‖ = ‖T n‖ and
 = lim
n
‖T n‖1/n = lim
n
‖T n1‖1/n.
Let T ∗ be the dual operator of T , and let M(K) be the set of all regular probability Borel
measures on K . We call measure µ ∈M(K) an invariant measure of T if T ∗µ= µ. We
use 〈µ,h〉 to denote ∫ hdµ alternately in the following.
Definition 2.2. We say that the Ruelle operator T of (X, {wj }mj=1, {pj }mj=1) has the PF
property (Perron–Frobenius) if there exists a unique 0 < h ∈ C(K) and a unique measure
µ ∈M(K) such that
T h= h, T ∗µ= µ, 〈µ,h〉 = 1, (2.2)
and for every f ∈C(K), −nT nf converges to 〈µ,f 〉h in the supremum norm.
For any f ∈ C(K), if we let g = f − 〈µ,f 〉h, then 〈µ,g〉 = 0. Hence to discuss
the convergence speed of {−nT nf }, we need to consider the functions f satisfying
〈µ,f 〉 = 0 only.
Let h be the strictly positive eigenfunction corresponding to  given in Definition 2.2.
Then we can construct a new weakly contractive IFS (X, {wj }mj=1, {qj }mj=1), where
qj (x) = pj (x)h(wjx)(h(x))−1. We define a “normalized” operator L :C(K)→ C(K)
by
Lf (x)=
m∑
j=1
qj (x)f (wjx). (2.3)
For any J = (j1j2j3 . . . jn), let
qwJ (x)= qj1(wj2 ◦wj3 ◦ · · · ◦wjnx) . . .qjn−1(wjnx)qjn(x).
Then
Lnf (x)=
∑
qwJ (x)f (wJ x).|J |=n
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qwJ (x)= −npwJ (x)
h(wJ x)
h(x)
.
Then
qwJ (x)
qwJ (y)
= pwJ (x)
pwJ (y)
· h(y)
h(x)
· h(wJ x)
h(wJ y)
. (2.4)
It is obvious that
−nT n(f h)= hLnf for any f ∈ C(K). (2.5)
To estimate the convergence speed of {−nT nf }∞n=1, we need only estimate the conver-
gence speed of {Lnf }∞n=1.
Let Σm = {1,2, . . . ,m}N. For σ = (σ1σ2 . . . σn . . .) ∈Σm, let σ |n = (σ1σ2 . . . σn), and
In(σ )= {σ ′: σ ′|n = σ |n}. For J = (j1j2 . . . jn), 1 ji m, let [J ] = {σ ∈Σm: σ |n = J }.
Let θ be the one-side subshift map on Σm, and uj :Σm →Σm is defined by ujσ = jσ, 1
j m. Then θ−1(σ )= {uj(σ )}mj=1.
Let (X, {wj }mj=1, {qj }mj=1) be the system mentioned above. Define π :Σm →K by
π(σ)= lim
n→∞wσ |n(x)= limn→∞wσ1 . . .wσn(x),
where x ∈K . The limit exists and is independent of x ∈K . Define g :Σm →R by
g(σ)= qj
(
π ◦ θ(σ )) if σ ∈ uj (Σm).
Then we construct a symbolic system (Σm, θ, g), and let Sg :C(Σm)→C(Σm) be defined
by
Sg(f )(x)=
∑
y∈θ−1x
g(y)f (y).
For J = (j1j2 . . . jn), analogous to pwJ (x), we let
guJ (σ )= g(uj1 ◦ uj2 ◦ · · · ◦ ujnσ ) . . . g(ujn−1 ◦ ujnσ )g(ujnσ ).
Then
Sngf (σ )=
∑
|J |=n
guJ (σ )f (Jσ).
Let M(Σm) be the set of all regular probability Borel measures on Σm. We say that
measure υ ∈M(Σm) is an invariant measure of Sg if S∗gυ = υ.
Proposition 2.3. Let (X, {wj }mj=1, {pj }mj=1) be a weakly contractive Dini IFS.
(i) The mapping π is continuous and onto, and satisfies π ◦ uj =wj ◦ π , 1 j m;
(ii) (Lnf ) ◦ π = Sng (f ◦ π) for any f ∈C(K);
(iii) Let υ be the invariant measure of Sg and let µ be the image of υ under π , then
L∗µ= µ.
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Proposition 2.3 establishes the “semi-conjugacy” of a weakly contractive IFS and a
symbolic system, and the following commuting diagram:
Σ
{uj }
π
Σ
θ
π
K
{wj }
K
The above “semi-conjugate” will help us transfer an overlapping of the IFS into the non-
overlapping of the symbolic system.
Lemma 2.4. Let (X, {wj }mj=1, {pj }mj=1) be a weakly contractive Dini IFS. If υ is the in-
variant measure of Sg , and
qwJ (x) cJ qwJ (y) for any x, y ∈K.
Then
c−1J 
qwJ (x)
υ([J ])  cJ for any x ∈K.
Proof. Let n= |J |, then
υ
([J ])= 〈υ,1[J ]〉 = 〈S∗ng υ,1[J ]〉= 〈υ,Sng1[J ]〉
and
Sng1[J ](σ )=
∑
|I |=n
guI (σ )1[J ](Iσ )= guJ (σ ).
Note that guJ (σ )= qwJ (π(σ)), then
υ
([J ])= 〈υ,qwJ (π(·))〉. (2.6)
Combining with 〈υ,1〉 = 1, we end the proof. ✷
Lemma 2.5. Suppose that the operator L has a unique invariant measure µ. Let υ be an
invariant measure of Sg . Then for any f ∈ C(K) with
∫
K f (x) dµ(x)= 0,∑
|J |=n
∫
[J ]
f (π ◦ σ) dυ(σ)= 0, ∀n ∈N.
Proof. Define µ′ ∈M(K) by 〈µ′, f 〉 := 〈υ,f ◦ π〉. We know from Proposition 2.3(iii)
that µ′ is an invariant measure of L. Since L has a unique invariant measure µ, hence
µ′ = µ. It implies that∑
|J |=n
∫
f (π ◦ σ) dυ(σ)=
∫
f (π ◦ σ) dυ(σ)= 〈υ,f ◦ π〉 = 〈µ,f 〉 = 0. ✷[J ] Σm
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we always let υ be the invariant measure of Sg , and let En = E(·|Bn) be the conditional
expectation with respect to Bn on the measure space (Σm,υ). Then
En(f )(σ )=E(f |Bn)(σ )=
∫
In(σ )
f dυ
υ(In(σ ))
. (2.7)
Let B(Σm,υ) denote the set of all bounded measurable functions on Σm. We have
Lemma 2.6. Let En and Sg be defined above. Then for any f ∈ B(Σm,υ),
SngEn(f )(σ )=
∑
|J |=n
qwJ
(
π(σ)
)∫[J ] f dυ
υ([J ]) .
Proof. By (2.7), we have
En(f )(Jσ)=
∫
[J ] f dυ
υ([J ]) for any |J | = n.
Then by guJ (σ )= qwJ (π(σ)), we have
Sng
(
En(f )
)
(σ )=
∑
|J |=n
guJ (σ )En(f )(Jσ)=
∑
|J |=n
qwJ
(
π(σ)
)∫[J ] f dυ
υ([J ]) . ✷
3. The averaging operators
Let the Ruelle operator Sg be defined in Section 2. For each integer n, we define the
averaging operator Pn :B(Σm,υ)→B(Σm,υ) by
Pnf (σ)= Sngf (θnσ ).
For any f ∈B(Σm,υ), let
varn(f )= sup
{∣∣f (σ)− f (σ ′)∣∣: σ |n = σ ′|n}.
We say function q ∈B(Σm,υ) is of summable variation if ∑∞n=1 varn(q) <∞.
Lemma 3.1. For any f ∈B(Σm,υ), we have
(i) ‖(I −En)f ‖ varn(f ).
(ii) ‖Pnf ‖ = ‖Sng f ‖.
Proof. (i) is obvious. Note that θ and π are surjective, we follow from the definition of Pn
and Sg that (ii) is true. ✷
Lemma 3.2 [12]. For any k, # 1, n= k#, and f ∈ C(Σm), we have
(i) Pn = Pn((I −E#)+∑k−1j=2(I −Ej#)∏j−1i=1 Pi#Ei# +∏ki=1Pi#Ei#).
(ii) ‖Pnf ‖ var#(f )+∑k−1 varj#(∏j−1 Pi#Ei#(f ))+ ‖∏ki=1 Pi#Ei#(f )‖.j=2 i=1
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follows (ii). ✷
Hence we are required to estimate the values of ‖PnEn(f )‖ and varn′(Pn(Enf )) for
any n < n′. For this we have
Lemma 3.3. For any n′ > n 1 and f ∈ B(Σm,υ),
varn′
(
PnEn(f )
)
 max
|x−y|ω(n′−n)
∑
|J |=n
∣∣qwJ (x)− qwJ (y)∣∣‖f ‖.
Proof. Since for any σ and σ ′ with σ |n′−n = σ ′|n′−n, it follows from Lemma 2.6 and the
Bn-measurability of Enf that∣∣SngEn(f )(σ )− SngEn(f )(σ ′)∣∣ ∑
|J |=n
∣∣qwJ (π(σ))− qwJ (π(σ ′))∣∣‖f ‖.
Then by PnEn(f )(σ )= Sng (En(f ))(θnσ ) and |π(σ)− π(σ ′)| ω(n′ − n), we have
varn′(PnEnf ) varn′−n
(
SngEn(f )
)
 max
|x−y|ω(n′−n)
∑
|J |=n
∣∣qwJ (x)− qwJ (y)∣∣‖f ‖. ✷
Lemma 3.4. Let υ be the invariant measure of Sg . Suppose that there exists a constant
0 < γ < 1 such that the inequality ‖PnEn(f )‖ γ ‖f ‖ holds for any n and f ∈ B(Σm,υ)
with
∫
Σm
f dυ = 0. Then there exists C > 0 such that for any n= k#,
‖Sng f ‖ αf
(
ω(#)
)+ ‖f ‖(γ k +C max
1jk
|x−y|ω(#)
∑
|J |=j#
∣∣qwJ (x)− qwJ (y)∣∣
)
.
Proof. It is obvious that var#(f ) αf (ω(#)). By using repeatedly ‖PnEn(f )‖  γ ‖f ‖,
we show that for any 1 k′  k∥∥∥∥∥
k′∏
j=1
Pj#Ej#(f )
∥∥∥∥∥ γ k′‖f ‖.
Then by Lemma 3.3, we have for j  2
varj#
(
j−1∏
i=1
Pi#Ei#(f )
)
 γ j−2‖f ‖ max
|x−y|ω(#)
∑
|J |=(j−1)#
∣∣qwJ (x)− qwJ (y)∣∣.
Note that
∑∞
j=0 γ k <∞ and ‖Sng f ‖ = ‖Pnf ‖, the result is followed from Lemma 3.2(ii)
and Lemma 3.3. ✷
We remark that the condition ‖PnEn(f )‖  γ ‖f ‖ is a key condition in the above
estimate. In the following we will focus mainly on checking this inequality. It is easy
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is difficult to prove in the case when the IFS does not have the BDP. We will study it in
Section 4. To check whether the condition ‖PnEn(f )‖  γ ‖f ‖ is satisfied, we need the
following simple inequality.
Lemma 3.5 [12, Lemma 1]. Let 0 < a < b <∞ be two constants. If
n∑
j=1
aj = 0 and a  xj  b (1 j  n),
then |∑nj=1 ajxj | γ∑nj=1 |aj |xj , where 0 < γ = (b− a)/(b+ a) < 1.
4. The main results
4.1. Basic lemmas
We say that the IFS (X, {wj }mj=1, {pj }mj=1) has the bounded distortion property (BDP)
if there exists C  1 such that
C−1  pwJ (x)
pwJ (y)
 C, ∀J and x, y ∈K. (4.1)
It is known that the key conditions in [12] and [9] are that the systems have the BDP. In the
following we consider the weakly contractive Dini IFS which may not have the BDP. In
this case, although we can set up the “semi-conjugate” of the system (X, {wj }mj=1, {qj }mj=1)
to some symbolic dynamical system (Σ, θ, g) as in Section 2, the g is not of summable
variation in general. Then the condition of [12] is not satisfied, hence we are required to
make adjustment so that the condition of Lemma 3.4 is satisfied.
Lemma 4.1. Suppose that the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1) satisfies
sup
x =y
m∑
j=1
pj (x)
|wj(x)−wj(y)|
|x − y| < . (4.2)
Suppose also the Ruelle operator T has the PF property and let 0 < h ∈ C(K) and
µ ∈M(K) satisfy (2.2). Then there exists 0 < γ < 1 such that for any bounded measurable
function f with ∫
K
f (x) dµ(x)= 0, we have∥∥PnEn(f ◦ π)∥∥ γ ‖f ‖, ∀n 1.
Proof. We assume without loss of generality that  = 1. We claim that there exists 0 <
η < 1 such that
sup
x =y
m∑
qj (x)
|wj(x)−wj(y)|
|x − y| < η.j=1
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sup
x =y
inf
1jm
|wj(x)−wj(y)|
|x − y| < 1.
This combined with
∑m
j=1 qj (x) = 1 imply the claim. By the induction we deduce from
the claim that
sup
x =y
∑
|J |=n
qwJ (x)
|wJ (x)−wJ (y)|
|x − y|  η
n, ∀n > 0. (4.3)
For J = (j1j2 . . . jn) and for 0 k < # n, let J |#k = (jk+1jk+2 . . . j#). Choose θ such
that 0 < η < θ < 1. For any fixed x, y ∈K with x = y , 1 k < n, let
Ωn,k(x, y)=
{
J : |J | = n, k smallest  ∣∣wJ |nk (x)−wJ |nk (y)∣∣ θn−k|x − y|},
and let
Ωn,n(x, y)=
{
J : |J | = n, ∣∣wJ |nk (x)−wJ |nk (y)∣∣< θn−k|x − y|, ∀0 k < n}.
We will use Ω(n, k) to denote Ωn,k(x, y) for short. Then
{
J : |J | = n}= n⋃
k=0
Ω(n, k). (4.4)
By (4.3), we have for any integer i, k with i + k  n,
∑
J∈Ω(k+i,0)
qwJ (x)
(
η
θ
)k+i
.
(We use |K| = 1 here.) By ∑mj=1 qj (x)= 1, we deduce that
∑
J∈Ω(n,n−k−i)
qwJ (x)
(
η
θ
)k+i
. (4.5)
Denote
A(n, k)=
n−k⋃
i=0
Ω(n,n− k − i).
Then
∑
J∈A(n,k)
qwJ (x)
n−k∑
i=0
(
η
θ
)k+i
 1
1 − η/θ
(
η
θ
)k
. (4.6)
Let α(t) = max1jm αlogpj (t) and a :=
∑∞
k=0 α(θk). Then a is finite because the pi ’s
are Dini continuous.
For any J ∈Ω(n,n− k), and any 0 i < n− k, we have∣∣wJ |n(x)−wJ |n(y)∣∣ θn−i |x − y| θn−i .i i
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pjn−k−i
(
wJ |nn−k−i−2(x)
)
 pjn−k−i
(
wJ |nn−k−i−2(y)
)
eα(θ
k+i+2).
It together with the Dini continuity of α and the definition of pwJ (x) imply that
pwJ (x) ea+
∑k
i=0 α(ω(i))pwJ (y) for any J ∈Ω(n,n− k). (4.7)
For any J /∈ A(n, k), it follows from (4.4) that there exists some k1 < k such that J ∈
Ω(n,n− k1). Then by (4.7), we have
pwJ (x) ea+
∑k1
i=0 α(ω(i))pwJ (y) ea+
∑k
i=0 α(ω(i))pwJ (y).
Let ak := ea+2αlogh(1)+
∑k
i=0 α(ω(i))
. It follows from (2.4) that for any k,n with k < n
qwJ (x) akqwJ (y) for any J /∈A(n, k). (4.8)
Having established (4.6) and (4.8), we can now prove our result. Let υ be the invariant
measures of Sg . Let S0 :=∑J∈A(n,k) ∫[J ] f ◦ π(σ) dυ(σ), and let
S1 :=
∑
J∈A(n,k)
qwJ (x)
υ([J ])
∫
[J ]
f ◦ π(σ) dυ(σ).
Since | ∫[J ] f ◦ π(σ) dυ(σ)| ‖f ‖υ([J ]), it follows from (2.6) and (4.6) that
|S0| 11 − η/θ
(
η
θ
)k
‖f ‖ and |S1| 11 − η/θ
(
η
θ
)k
‖f ‖.
Let
S2 :=
∑
J /∈A(n,k)
qwJ (x)
υ([J ])
∫
[J ]
f ◦ π(σ) dυ(σ).
By (2.6) and (4.8), for any J /∈A(n, k)
a−1k 
qwJ (x)
υ([J ])  ak.
Let λk = 1 − a−2k and c= (1− η/θ)−1. By Lemmas 2.5 and 3.5, we have
S3 := |S2 + S0| λk
(
1 + |S0|
)‖f ‖ λk
(
1+ c
(
η
θ
)k)
‖f ‖.
Then
|S2| S3 + |− S0| λk
(
1 + c
(
η
θ
)k)
‖f ‖ + c
(
η
θ
)k
‖f ‖.
Note that SngEn(f ◦ π)(σ )= S1 + S2 if x = π(σ). Hence
∣∣SngEn(f ◦ π)(σ )∣∣
(
λk + (λk + 2)c
(
η
θ
)k)
‖f ‖
(
1 − a−2k + 3c
(
η
θ
)k)
‖f ‖.
(4.9)
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a−2#0 − 3c
(
η
θ
)#0
> 0.
Let γ1 := 1 − (a−2#0 − 3c(η/θ)#0), then 0 < γ1 < 1. Since (4.9) holds for any k with k < n.
In particular, for k = #0,∣∣SngEn(f ◦ π)(σ )∣∣ γ1‖f ‖ for any n #0 + 1. (4.10)
On the other hand, for any n #0, we have
pwJ (x) e
∑#0
i=0 α(ω(i))pwJ (y) for any |J | #0 and x, y ∈K.
Let b = e2αlogh(1)+
∑#0
i=0 α(ω(i)) and γ2 := 1− b−2. By (2.4) and Lemma 3.5 we have∣∣SngEn(f ◦ π)(σ )∣∣ γ2‖f ‖ for any n #0.
Take γ = max{γ1, γ2}. It follows from (4.10) and Lemma 3.1(ii) that∥∥PnEn(f ◦ π)∥∥= ∥∥SngEn(f ◦ π)∥∥ γ ‖f ‖. ✷
For 0 t  1, we let
Φ0(t)=
t∫
0
α(x)
x
dx. (4.11)
Then Φ0 is well defined and limt→0Φ0(t)=Φ0(0)= 0 because the pj ’s are Dini contin-
uous.
Lemma 4.2. Let (X, {wj }mj=1, {pj }mj=1) and h be as in Lemma 4.1, and let Φ0 be defined
as in (4.11). Assume further that supt>0(αlogh(t)/Φ0(t)) <∞. Then there exist C > 0,
t0 > 0 and 0 < ε0 < 1 such that for any n and x, y ∈K with |x − y| t0,∑
|J |=n
∣∣qwJ (x)− qwJ (y)∣∣ C(εn0 +Φ0(|x − y|)).
Proof. Choose 0 < η < θ < 1 with
sup
X =y
m∑
j=1
qj (x)
|wj(x)−wj(y)|
|x − y|  η.
For any fixed x = y , let Ω(n, k) be as in the proof of Lemma 4.1. Let
αJ (x, y)= 2αlogh
(|x − y|)+ n∑
k=−1
α
(∣∣wJ |nk (x)−wJ |nk (y)∣∣).
By (2.4), we have
qwJ (x) qwJ (y)eαJ (x,y).
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that for any J ∈Ω(n, k),
αJ (x, y) (n− k + 1)α
(|x − y|)+ c1Φ0(|x − y|). (4.12)
Denote ε = η/θ . Take t0 > 0 such that εeα(t0) < 1. Denote t = |x − y|. Then for any
0 t  t0, we follow from (4.4), (4.12) and (4.5) that
∑
|J |=n
∣∣qwJ (x)− qwJ (y)∣∣
n−1∑
k=0
∑
J∈Ω(n,k)
qwJ (x)(e
αJ (x,y)− 1)

n−1∑
k=0
εn−k max
J∈Ω(n,k)
(eαJ (x,y)− 1) S + ε
(n+2)
1 − ε , (4.13)
where
S := εe
2α(t)+c1Φ0(t)
1 − εeα(t) −
ε
1− ε .
Since limt→0Φ0(t)= 0, hence by (2.1) there exists c2 > 0 such that for any t  t0
eα(t)  1 + c2α(t) and e2α(t)+c1Φ0(t)  1 + c2Φ0(t).
We continue the above estimate on S:
S  ε(1 + c2Φ0(t))
1− εeα(t) −
ε
1 − ε =
ε
1 − εeα(t)
(
ε(eα(t)− 1)
1− ε + c2Φ0(t)
)
 c2ε
1 − εeα(t0)
(
ε
1− ε + 1
)
Φ0(t) c3Φ0(t), for some c3 > 0.
Take ε0 :=max{θ, ε}< 1. Then by (4.13), there exists C > 0 such that for any n,∑
|J |=n
∣∣qwJ (x)− qwJ (y)∣∣ S + ε(n+2)1− ε  C
(
εn0 +Φ0
(|x − y|)). ✷
4.2. Convergence speeds
Having proved Lemmas 4.1 and 4.2, we are ready to state and prove the main results.
Theorem 4.3. Suppose that (X, {wj }mj=1, {pj }mj=1) is a weakly contractive Dini IFS. Let µ
be the invariant measure of T . If ∑mj=1 pj (x)= 1 and
sup
x =y
m∑
j=1
pj (x)
|wj(x)−wj(y)|
|x − y| < 1,
then there exist constants A> 0, 0 < γ0 < 1, and #0 > 0 such that for any n= k#, # #0,
and f ∈C(K) with ∫ f dµ= 0,
‖T nf ‖ αf
(
ω(#)
)+A‖f ‖(γ k0 + γ #0 +Φ0(ω(#))).
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ma 4.1. Let t0 > 0 and ε0 > 0 be given by Lemma 4.2, and let integer #0 > 0 large enough
such that ω(#0) t0. By Lemma 3.4, there exists A> 0 such that for any n= k#, # #0,
and f ∈ C(K) with ∫ f dµ′ = 0∥∥Sng (f ◦ π)∥∥ αf (ω(#))+A‖f ‖(γ k + ε#0 +Φ0(ω(#))).
Take γ0 := max{γ, ε0}< 1. By Proposition 2.3(ii), we have
‖T nf ‖ αf
(
ω(#)
)+A‖f ‖(γ k0 + γ #0 +Φ0(ω(#))). ✷
Example 4.4. Let X = [0,1], w1(x) = x/(1 + x), w2(x) = 1/2 + x/2, x ∈ X. Choose
a > 0 such that a + (log 2)−2 < 1. Define pj :X→X (1 j  2) by
p1(x)=
{
a + (logx)−2, if 0 x < 1/2,
a + (log 2)−2, if 1/2 x  1,
and p2(x)= 1 − p1(x). We can check that the conditions of Theorem 4.3 are satisfied.
Let Jn = (11 . . .1) with |Jn| = n, then wJn(1)= (1 + n)−1. Hence
pwJn (1)=
n∏
j=1
(
a + (log j)−2).
Note that pwJn (0)= 1, it follows that the system does not have the BDP.
Now we consider more general case by relaxing the probability restriction
∑m
j=1 pj (x)= 1. The following Proposition 4.5 is from [22, Theorem 4.4].
Proposition 4.5. Let the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1) satisfy
m∑
j=1
pj (x)rj < . (4.14)
Then T has the PF property.
Now we can state another main result of the paper.
Theorem 4.6. Suppose that the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1) is
as in Proposition 4.5. Let 0 < h ∈ C(K) and µ ∈ M(K) satisfy (2.2). Then there exist
constants A> 0, 0 < γ0 < 1, and #0 such that for any n= k#, # #0, and f ∈ C(K) with∫
f dµ= 0, we have
‖−nT nf ‖A
(
αf
(
ω(#)
)+ ‖f ‖(γ k0 + γ #0 +Φ0(ω(#)))).
Proof. By Proposition 4.5, T has the PF property. We know from Theorems 4.2 and 4.4
of [22] that
sup
(
αlogh(t)/Φ0(t)
)
<∞. (4.15)t>0
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h(wjx)(h(x))
−1
. Then there exists r0 < η < 1 such that
∑m
j=1 qj (x)rj < η. Hence the
conditions of both Lemmas 4.1 and 4.2 are satisfied. Let 0 < γ < 1 be given in Lemma 4.1.
Let t0 > 0 and 0 < ε0 < 1 be given by Lemma 4.2, and take integer #0 > 0 large enough
such that ω(#0)  t0. Take γ0 = max{η, ε0, γ }, then 0 < γ0 < 1. Let µ′ be the invariant
measure of L. Then by Lemma 3.4, there exists C > 0 such that for any n = k#, #  #0,
and f ∈ C(K) with ∫ f dµ′ = 0, we have
‖Lnf ‖ αf
(
ω(#)
)+C‖f ‖(γ k0 + γ #0 +Φ0(ω(#))).
Now for any f ∈ C(K) with ∫ f dµ = 0, we have ∫ (f/h) dµ′ = 0. Since ‖f/h‖ 
(hmin)−1‖f ‖, then by (4.15), there exists a constant A1 > 0 such that
α(f/h)
(
ω(#)
)
A1
(
αf
(
ω(#)
)+ ‖f ‖Φ0(ω(#))).
This together with (2.5) imply that there exists A> 0 such that
‖−nT nf ‖A
(
αf
(
ω(#)
)+ ‖f ‖(γ k0 + γ #0 +Φ0(ω(#)))). ✷
We remark that Φ0 is Hölder continuous if pj ’s are Hölder continuous. It is obvious
that if {wj }mj=1 are contractive maps, then the condition in the theorem is trivially satisfied.
In general, it is difficult to determine the spectral radius  of T . A simple lower bound on
 is
min
x∈K
(
m∑
j=1
pj (x)
)
 .
By using this we have
Corollary 4.7. Let the weakly contractive Dini IFS (X, {wj }mj=1, {pj }mj=1) satisfy∥∥∥∥∥
m∑
j=1
pj (·)rj
∥∥∥∥∥< minx∈K
(
m∑
j=1
pj (x)
)
.
Let 0 < h ∈ C(K) and µ ∈ M(K) satisfy (2.2). Then there exist constants A > 0, 0 <
γ0 < 1 and #0 such that for any n= k#, # #0, and f ∈ C(K) with
∫
f dµ= 0,
‖−nT nf ‖A
(
αf
(
ω(#)
)+ ‖f ‖(γ k0 + γ #0 +Φ0(ω(#)))).
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